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Abstract 


The objective of this paper is to formally present the concept of NeutroGroups by considering three NeutroAx- 
ioms (NeutroAssociativity, existence of NeutroNeutral element and existence of NeutroInverse element). Sev- 
eral interesting results and examples of NeutroGroups, NeutroSubgroups, NeutroCyclicGroups, NeutroQuo- 
tientGroups and NeutroGroupHomomorphisms are presented. It is shown that generally, Lagrange’s theorem 
and Ist isomorphism theorem of the classical groups do not hold in the class of NeutroGroups. 
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1 Introduction 


In 2019, Florentin Smarandaché! introduced new fields of research in neutrosophy which he called Neu- 
troStructures and AntiStructures respectively. The concepts of NeutroAlgebras and AntiAlgebras were re- 
cently introduced by Smarandache in®] Smarandache ir revisited the notions of NeutroAlgebras and AntiAl- 
gebras where he studied Partial Algebras, Universal Algebras, Effect Algebras and Boole’s Partial Algebras 
and showed that NeutroAlgebras are generalization of Partial Algebras. Inf Agboola et al examined Neu- 
troAlgebras and AntiAlgebras viz-a-viz the classical number systems N, Z, Q, R and C. The mention of Neu- 
troGroup by Smarandache in motivated us to write the present paper. The concept of NeutroGroup is formally 
presented in this paper by considering three NeutroAxioms (NeutroAssociativity, existence of NeutroNeutral 
element and existence of NeutroInverse element). We study NeutroSubgroups, NeutroCyclicGroups, Neutro- 
QuotientGroups and NeutroGroupHomomorphisms. We present several interesting results and examples. It is 
shown that generally, Lagrange’s theorem and Ist isomorphism theorem of the classical groups do not hold in 
the class of NeutroGroups. 

For more details about NeutroAlgebras, AntiAlgebras, NeutroAlgebraic Structures and AntiAlgebraic 
Structures, the readers should see HHI 


2 Formal Presentation of NeutroGroup and Properties 


In this section, we formally present the concept of a NeutroGroup by considering three NeutroAxioms (Neu- 
troAssociativity, existence of NeutroNeutral element and existence of NeutroInverse element) and we present 
its basic properties. 


Definition 2.1. Let G be a nonempty set and let x : G x G — G be a binary operation on G. The couple 
(G, *) is called a NeutroGroup if the following conditions are satisfied: 


(i) * is NeutroAssociative that is there exits at least one triplet (a, b,c) € G such that 


ax (b*c) = (axb)*c (1) 
and there exists at least one triplet (x, y, z) € G such that 
xux* (yx z) A (axy)* Zz. (2) 
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(ii) There exists a NeutroNeutral element in G that is there exists at least an element a € G that has a single 
neutral element that is we have e € G such that 


axe=exa=a (3) 


and for b € G there does not exist e € G such that 


bke=exb=b (4) 

or there exist €,, €2 € G such that 
bee, = e, *b=b or (5) 
bxeg = eg*b=b with e, eg (6) 


(iii) There exists a NeutroInverse element that is there exists an element a € G that has an inverse b € G 
with respect to a unit element e € G that is 


axb=bxa=e (7) 


or there exists at least one element b € G that has two or more inverses c,d € G with respect to some 
unit element u € G that is 


bke = cxb=u (8) 
bxkd = dxb=u. (9) 


In addition, if « is NeutroCommutative that is there exists at least a duplet (a,b) € G such that 

axb=bxa (10) 
and there exists at least a duplet (c,d) € G such that 

cxd#adxc, (11) 


then (G, *) is called a NeutroCommutativeGroup or a NeutroAbelianGroup. 
If only condition (i) is satisfied, then (G, *) is called a NeutroSemiGroup and if only conditions (i) and (ii) 
are satisfied, then (G, «) is called a NeutroMonoid. 


Definition 2.2. Let (G, x) be a NeutroGroup. G is said to be finite of order n if the cardinality of G is n that 
is o(G) = n. Otherwise, G is called an infinite NeutroGroup and we write 0(G) = oo. 


Example 2.3. Let U = {a,b,c,d,e, f} be a universe of discourse and let G = {a, b,c, d} be a subset of U. 
Let « be a binary operation defined on G' as shown in the Cayley table below: 


*lalblel|ld 
a|b|c|dlia 
ble|dlale 
c|d\jalbid 
djal/lb|/cla 
It is clear from the table that: 
ax(b*xc) = (ax*xb)xc=d, 
bx(d*xc) = a, but (bxd)*xc=b. 


This shows that « is NeutroAssociative and hence (G, «) is a NeutroSemiGroup. 
Next, let N,, and J,, represent the neutral element and the inverse element respectively with respect to any 
element « € G. Then 


Na = 4, 

Igy = CG 
No, Ne, Na do not exist, 
Ip, Le, La do not exist. 


This in addition to (G, *) being a NeutroSemiGroup implies that (G, *) is a NeutroGroup. 
It is also clear from the table that « is NeutroCommutative. Hence, (G,, x) is a NeutroAbelianGroup. 
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Example 2.4. Let G = Zo and let * be a binary operation on G defined by « * y = x + 2y forall z,y EG 

where + is addition modulo 10. Then (G, *) is a NeutroAbeliaGroup. To see this, for x, y, z € G, we have 
ux(y*z) = u+2y4+4z, (12) 
(cxy)*z = w+2y4+2z. (13) 


Equating (16) and (17) we obtain z = 0,5. Hence only the triplets (x, y,0), (a, y,5) can verify associativ- 
ity of « and not any other triplet (x,y,z) € G. Hence, « is NeutroAssociative and therefore, (G,*) is a 
NeutroSemigroup. 

Next, let e € G such that x *e =x +2e =x andex*x x =e + 2z. Then, x + 2e = e + 22 from which we 
obtain e = x. But then, only 5 * 5 = 5in G. This shows that G' has a NeutroNeutral element. It can also be 
shown that G' has a NeutroInverse element. Hence,(G, *) is a NeutroGroup. 

Lastly, 


cey = x+2y, (14) 
yeu = yrd2d. (15) 


Equating (18) and (19), we obtain x = y. Hence only the duplet (2,2) € G can verify commutativity of « and 
not any other duplet (x, y) € G. Hence, * is NeutroCommutative and thus (G, *) is a NeutroAbelianGroup. 


Remark 2.5. General NeutroGroup is a particular case of general NeutroAlgebra which is an algebra which 
has at least one NeutroOperation or one NeutroAxiom (axiom that is true for some elements, indeterminate 
for other elements, and false for the other elements). Therefore, a NeutroGroup is a group that has either one 
NeutroOperation (partially well-defined, partially indeterminate, and partially outer-defined), or atleast one 
NeutroAxiom (NeutroAssociativity, NeutroElement, or NeutroInverse). 

It is possible to define NeutroGroup in another way by considering only one NeutroAxiom or by consider- 
ing two NeutroAxioms. 


Theorem 2.6. Let (Gj, *),i = 1,2,--- ,n be a family of NeutroGroups. Then 
(i) G=()j_, G; is a NeutroGroup. 
(ii) G = [[i_, G: is a NeutroGroup. 

Proof. Obvious. 


Definition 2.7. Let (G, *) be a NeutroGroup. A nonempty subset H of G is called a NeutroSubgroup of G if 
(H, *) is also a NeutroGroup. 


The only trivial NeutroSubgroup of G is G. 


Example 2.8. Let (G,*) be the NeutroGroup of Example [2.3] and let H = {a,c,d}. The compositions of 
elements of H are given in the Cayley table below. 


*}/al|lcl|d 
a|b|dja 
c|d|bjd 
d|a|clja 
It is clear from the table that: 
ax(c*d) = (axc)xd=a, 
d*x(cxa) = a, but (d*c)xa=dFa. 
Nae = 4, 
Ly. = G, 
Ne, Na do not exist, 
To, La do not exist. 
axd = dxa=a, but cxd=d,d*ec=c#d. 


All these show that (H, x) is a NeutroAbelianGroup. Since H C G, it follows that H is a NeutroSubgroup of 
G. 

It should be observed that the order of H is not a divisor of the order of G. Hence, Lagrange’s theorem 
does not hold. 
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Theorem 2.9. Let (G, x) be a NeutroGroup and let (H;,*),i = 1,2,--- ,n be a family of NeutroSubgroups 
of G. Then 


(i) H= (a Hi, is a NeutroSubgroup of G. 
(ii) H= ian HT, is a NeutroSubgroup of G. 


Proof. Obvious. 
Definition 2.10. Let H be a NeutroSubgroup of the NeutroGroup (G, «) and let x € G. 
(i) «H the left coset of H in G is defined by 


cH ={ah:he H}. (16) 


(i) Hz the right coset of H in G is defined by 


Hx = {ha:hé€ H}. (17) 


Example 2.11. Let (G, x) be the NeutroGroup of Example[2.3]and let H be the NeutroSubgroup of Example 
H, the set of distinct left cosets of H in G is given by 


My = {{a, b, d}, {a, Ef, {b, d}} 


and H, the set of distinct right cosets of H in G is given by 


H, = {{a, b, d}, {a, b, c}, {b, c, d}, {a, d}}. 


It should be observed that H; and H,. do not partition G. This is different from what is obtainable in the 
classical groups. However, the order of H; is 3 which is not a divisor of the order of G and therefore, [G : H] 
the index of H in G is 3, that is [G : H] = 3. Also, the order of H, is 4 which is a divisor of G. Hence, 
IG: H] =4. 


Example 2.12. Let U = {a, b,c, d} be a universe of discourse and let G = {a, b, c} be a NeutroGroup given 
in the Cayley table below: 


alas] * 
Qlasy;al}sa 
a/s; ao 
aloo 


Let H = {a,b} be a NeutroSubgroup of G given in the Cayley table below: 


* |alob 
alale 
blela 


Then, the sets of distinct left and right cosets of H in G are respectively obtained as: 
A = {{a,c}}, 
H, = (Gs 4 Ole Oe he 


In this example, the order of H; the set of distinct left cosets of H in G is 1 which is not a divisor of the order 
of G and therefore, [G : H] = 1. However, the order of H, the set of distinct right cosets of H in G is 3 which 
is a divisor of the order of G and therefore, [G : H] = 3. This is also different from what is obtainable in the 
classical groups. 


Consequent on Examples|2.8] and we state the following theorem: 
Theorem 2.13. Let H be a NeutroSubgroup of the finite NeutroGroup (G,, *). Then generally: 


(i) o(#) is not a divisor of 0(G). 
(ti) There is no 1-1 correspondence between any two left(right) cosets of H in G. 
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(iii) There is no 1-1 correspondence between any left(right) coset of H in G and H. 


(iv) If Nz = e that is xe = ex = x for any x € G, theneH # H, He # H and {ce} is not a NeutroSubgroup 
of G. 


(v) o(G) #[G: H]o(#). 
(vi) The set of distinct left(right) cosets of H in G is not a partition of G. 


Definition 2.14. Let (G, «) be a NeuroGroup. Since x is associative for at least one triplet (2, x, x) € G, the 
powers of x are defined as follows: 


I 
8 
8 


= LLL 


a” = gwaxa---x nfactors Vn Ec N. 


Theorem 2.15. Let (G,*) be a NeutroGroup and let x € G. Then for any m,n € N, we have: 
(i) girgn = gmtn, 
(ip a) ae 


Definition 2.16. Let (G,*«) be a NeutroGroup. G is said to be cyclic if G can be generated by an element 
x € G that is 


G=<«¢>={2" :neEN}. (18) 


Example 2.17. Let (G, «) be the NeutroGroup given in Example|2.3|and consider the following: 


a’ = a,a?=b,a® =c,a* =d. 

bt b,b? = d,b® =c,b* =a. 

c ce? =be =a,c =d. 

d = d,d’=a,d =a,d' =a. 

G = <a>=<b>=<c>,G#<d>. 


These show that G' is cyclic with the generators a, b,c. The element d € G does not generate G. 


Definition 2.18. Let H be a NeutroSubgroup of the NeutroGroup (G, *). The sets (G/H), and (G/H), are 
defined by: 


(G/H), = {xH:x€G} (19) 
(G/H), = {Hxe:2¢G}. (20) 


Let cH, yH © (G/H), and let ©; be a binary operation defined on (G'/H); by 
tH, yH =axyH Va,yeG. (21) 
Also, let cH, yH € (G/H),. and let ©, be a binary operation defined on (G/F), by 
HzO, Hy=Haxy VayeG. (22) 
It can be shown that the couples ((G/H);, ©;) and ((G/H),, ©,-) are NeutroGroups. 
Example 2.19. Let G and H be as given in Example[2.12|and consider 
(G/H), = {aH, bH, cH} = {aH} = {{a,c}}. 


Then ((G/H);, ©) is a NeutroGroup. 
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Definition 2.20. Let (G,*) and (H,o) be any two NeutroGroups. The mapping ¢ : G > H is called a 
NeutroGroupHomomorphism if ¢ preserves the binary operations « and o that is if for all x,y € G, we have 


b(x *y) = (x) 0 dy). (23) 


The kernel of ¢ denoted by Ker¢ is defined as 
Kerd = {a: d(x) = en} (24) 


where ey © H is such that N;, = ey for at least one h € H. 
The image of @ denoted by [md is defined as 


Im¢ = {y € H: y= $(2) for some h € H}. (25) 


If in addition ¢ is a bijection, then ¢ is called a NeutroGroupIsomorphism and we write G = H. Neu- 
troGroupEpimorphism, NeutroGroupMonomorphism, NeutroGroupEndomorphism, and NeutroGroupAuto- 
morphism are similarly defined. 


Example 2.21. Let (G, «) be a NeutroGroup of Example and let 7) : G x G > G be a projection given 
by 
P(e, y)) =a Va,yeG. 


Then w is a NeutroGroupHomomorphism. The Kery = {(a, a), (a, b), a, c)} which is a NeutroSubgroup of 
G x Gas shown in the Cayley table below. 


* (a,a) | (a,b) | (a,c) 
(a,a) | (a,a) | (a,c) | (a,b) 
(a,b) | (a,c) | (a,a) | (a,c) 
(a,c) | (a,a) | (a,c) | (a,d) 


and Ima = {a,b,c} =G. 
Consequent on Example we State the following theorem: 


Theorem 2.22. Let (G,«) and (H,0©) be NeutroGroups and let N, = eq such that eg * x = «4 * eg = x for 
at least one x € G and let Ny = ey such that ey * y = y * ex = y for at least one y € H. Suppose that 
@: G— His a NeutroGroupHomomorphism. Then: 


(i) (eg) = en. 
(ii) Kerd is a NeutroSubgroup of G. 
(iii) Im is a NeutroSubgroup of H. 
(iv) ¢ is injective if and only if Kerd = {ec}. 


Example 2.23. Considering Example|2.19] let 6 : G + G'/H be a mapping defined by ¢(a) = rH forall x € 
G. Then, ¢(a) = ¢(b) = $(c) = aH = {a,c} from which we have that ¢ is a NeutroGroupHomomorphism. 


Kero = {x EG: d(x) = ecu} = {x €G:c#H= €G/H = Creat t # H. 
Consequent on Example we State the following theorem: 


Theorem 2.24. Let H be a NeutroSubgroup of a NeutroGroup (G,*). The mapping © : G > G/H defined 
by 
W(e)=cH VaeG 


is a NeutroGroupHomomorphism and the Kerw # H. 


Theorem 2.25. Let ¢ : G — H be a NeutroGroupHomomorpism and let K = Kerd. Then the mapping 
w:G/K — Iméd defined by 
UW(cK)=d¢(@) VaeEeG 


is a NeutroGroupEpimorphism and not a NeutroGroupIsomorphism. 
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Proof. That w is a well defined surjective mapping is clear. Let xk, yK € G/K be arbitrary. Then 


V(ekyk) = 


= 


(zyK) 
(xy) 
(x) o(y) 

= V(eK)b(yk). 

Kerp = {aK €G/K: (2K) = egy} 

= {sk €G/K : ¢(x) = eg(a)} 

= {ea/K}. 
This shows that ~ is a surjective NeutroGroupHomomorphism and therefore it is a NeutroGroupEpimorphism. 


Since w is not injective, it follows that G/K 4 Imd¢ which is different from what is obtainable in the classical 
groups. 


oe 


Theorem 2.26. NeutroGroupIsomorphism of Neutrogroups is an equivalence relation. 


Proof. The same as the classical groups. 


3 Conclusion 


We have formally presented the concept of NeutroGroup in this paper by considering three NeutroAxioms 
(NeutroAssociativity, existence of NeutroNeutral element and existence of NeutroInverse element). We pre- 
sented and studied several interesting results and examples on NeutroSubgroups, NeutroCyclicGroups, Neu- 
troQuotientGroups and NeutroGroupHomomorphisms. We have shown that generally, Lagrange’s theorem 
and Ist isomorphism theorem of the classical groups do not hold in the class of NeutroGroups. Further studies 
of NeutroGroups will be presented in our future papers. Other NeutroAlgebraicStructures such as NeutroR- 
ings, NeutroModules, NeutroVectorSpaces etc are opened to studies for Neutrosophic Researchers. 


4 Appreciation 


The author is very grateful to all anonymous reviewers for valuable comments and suggestions which we have 
found very useful in the improvement of the paper. 
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